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We continue exploring the constraining capabilities of x-ray reflection spectroscopy to test the Kerr-nature
of astrophysical black holes, andwe present the results of our analysis of twoNuSTAR observations ofCygnus
X-1 in the soft state.We find that the finalmeasurement can strongly depend on the assumption of the intensity
profile. We conclude that Cygnus X-1 is not suitable for tests of general relativity using x-ray reflection
spectroscopy, and we discuss the desired properties of a source to be a good candidate for our studies.
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I. INTRODUCTION
The theory of general relativity (GR) was proposed over
a century ago by Einstein and is still one of the pillars of
modern physics. It has been extensively tested in the weak
field regime, mainly with experiments in the Solar System
and accurate radio observations of binary pulsars, and
current data are in agreementwith the theoretical predictions
[1]. However, the validity of GR in the strong field regime is
still largely unexplored, and there are a number of gravi-
tational theories that have the same predictions as GR in
weak gravitational fields and present deviations from GR
when gravity becomes strong. Gravitational tests in the
strong field regime are thus crucial to distinguish GR from
these alternative models and are becoming a hot topic today.
Black holes are ideal laboratories for GR tests in the
strong field regime. In four-dimensional Einstein’s gravity,
the spacetime of a rotating, uncharged black hole is
described by the Kerr metric [2–4] and is completely
characterized by only two parameters, which represent,
respectively, the massM and the spin angular momentum J
of the compact object. The spacetime around an astro-
physical black hole should be very well approximated by
the ideal Kerr solution of GR. Once the black hole is
formed, initial deviations from the Kerr metric should be
quickly radiated away by the emission of gravitational
waves [5]. Deviations from the Kerr solution due to the
presence of accretion disks [6], nearby stars [7], or due to a
possible nonvanishing electric charge of the black hole [8],
are normally extremely small and can be safely ignored.
Testing the Kerr-nature of astrophysical black holes is thus
a GR test in the strong field regime [9–17] and can be seen
as the natural evolution of the GR tests in the weak field
regime with Solar System experiments.
X-ray reflection spectroscopy refers to the analysis of the
reflection spectrum of accretion disks around black holes
[18–20]. The reflection spectrum is the result of the
illumination of the disk by the so-called “corona”, which
is a hot cloud close to the black hole, even if its exact
morphology is not yet well understood. The reflection
spectrum is characterized by some fluorescent emission
lines, in particular the iron Kα complex at 6.4–7 keV, and
the Compton hump at 20–30 keV. The reflection spectrum
in the rest-frame of the gas in the disk can be derived from
atomic physics calculations. The reflection spectrum that
we observe is the result of relativistic effects (Doppler
boosting, gravitational redshift, light bending) occurring in
the strong gravity region near the black hole. The study of
the features in the reflection spectrum can be used to
determine the spacetime geometry of the black hole.1
*bambi@fudan.edu.cn
1We note that the relativistic origin of broad iron lines was
under debate for a while, because these broad iron lines could also
be explained by models with warm absorbers [21,22]. However,
there is today a common consensus on their relativistic origin.
After the launch of NuSTAR in 2012, data include the Compton
hump at 20–30 keV, which cannot be explained by absorber
models [23]. Reverberation measurements are also consistent
with a reflection spectrum generated from the inner part of the
disk and cannot be explained within absorber models [24].
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Recently, our group has extended the relativistic reflection
model RELXILL [25–27] to parametric black hole spacetimes.
The new model, which we called RELXILL_NK [28,29], is
designed to test the Kerr nature of astrophysical black holes.
RELXILL_NK calculates reflection spectra in a parametric
black hole spacetime, where some “deformation parameters”
quantify certain deformations from the Kerr background.
From the comparison of the theoretical predictions of
RELXILL_NK with observational data of specific sources,
we can constrain the values of these deformation parameters
and checkwhether they vanish, as itwould be required inGR.
Current constraints on possible non-Kerr features in the
spacetimemetric around specific sources have been reported
in our previous work [30–38].
In the present paper,we continue exploring the capabilities
of x-ray reflection spectroscopy to test the Kerr black hole
hypothesis, and we extend our study to two NuSTAR
observations of the stellar-mass black hole in Cygnus X-1
in the soft state. Cygnus X-1 is a very bright source; several
studies in literature have found that the value of its spin
parameter is quite high, and the quality of theNuSTAR data is
good. Despite that, we find that it is difficult to test the Kerr
nature of this object because of problems in modeling its
spectrum. The final measurement depends on the assump-
tions about the intensity profile of the reflection component,
and in some cases we do not recover theKerr solution of GR.
The uncertainties in the estimate of the deformation param-
eters are also large in comparisonwith other sources. Similar
problems were partially found in our previous test with the
stellar-mass black hole in GRS 1915þ 105 [37], while we
have never met these issues in the tests with supermassive
black holes. On the basis of all these studies, we discuss
which properties a source and the observations should have
for our tests of the Kerr metric using x-ray reflection
spectroscopy. Supermassive black holes seems to be more
suitable for our tests, probably because their spectrum is
easier to model (the disk temperature is much lower), their
variability time scales are longer, and they naturally have spin
parameters very close to 1 (while there are only a few stellar-
mass black holes with a possible high spin and those sources
turn out to have complicated spectra).
The manuscript is organized as follows. In Sec. II, we
review the Johannsen metric [39], which is the parametric
black hole background employed in our study. In Sec. III,
we present the two NuSTAR observations of our analysis,
and we briefly describe the data reduction. In Sec. IV, we
present the spectral analysis and the constraints on the
deformation parameters. Section V is devoted to the
discussion of our results, and Sec. VI is for the conclusions.
Throughout the paper, we adopt units in whichGN ¼ c ¼ 1
and a metric with signature ð−þþþÞ.
II. PARAMETRIC BLACK HOLE SPACETIME
Parametric black hole spacetimes are a common choice
for tests of the Kerr hypothesis with electromagnetic
techniques. The Kerr metric is deformed by adding some
deformation parameters, which are introduced to quantify
deviations from the Kerr solution. The properties of the
electromagnetic spectrum are calculated in this more
general spacetime, where the deformation parameters are
just some of the parameters of the whole model. From the
comparison of the theoretical predictions with observa-
tions, we can infer the values of these deformation
parameters and verify if they indeed vanish, as it is
necessary in order to recover the Kerr solution. While
the nature of this deformed metric is questionable, in the
end the spirit is the same as in a null experiment. We expect
that the deformation parameters vanish, and we want to
measure that this is indeed the case. If an astrophysical
measurement required that at least one of the deformation
parameters is nonvanishing, then the spacetime metric of
the black hole would not be described by the Kerr solution,
but it would not be possible to determine the exact form of
the spacetime metric with these tests.
In this paper, we employ the Johannsen metric [39]. In
Boyer-Lindquist-like coordinates, the line element reads
ds2 ¼ − Σ˜ðΔ − a
2A22sin
2θÞ
B2
dt2 þ Σ˜
ΔA5
dr2 þ Σ˜dθ2
−
2a½ðr2 þ a2ÞA1A2 − ΔΣ˜sin2θ
B2
dtdϕ
þ ½ðr
2 þ a2Þ2A21 − a2Δsin2θΣ˜sin2θ
B2
dϕ2; ð1Þ
where M is the black hole mass, a ¼ J=M, J is the black
hole spin angular momentum, Σ˜ ¼ Σþ f, and
Σ ¼ r2 þ a2cos2θ; ð2Þ
Δ ¼ r2 − 2Mrþ a2; ð3Þ
B ¼ ðr2 þ a2ÞA1 − a2A2sin2θ: ð4Þ
The functions f, A1, A2, and A5 are defined as
TABLE I. NuSTAR observations of Cygnus X-1 in the soft
state analyzed in [47]. In our paper, we study the observations of
epoch 1 and 4.
Epoch Observation ID Start date Exposure (ks)
1 00001011001 2012-07-02 14.4
00001011002 5.2
2 10002003001 2012-07-06 12.5
3 30001011002 2012-10-31 11.0
30001011003 5.7
10014001001 4.6
4 30001011009 2014-10-04 22.6
HONGHUI LIU et al. PHYS. REV. D 99, 123007 (2019)
123007-2
f ¼
X∞
n¼3
ϵn
Mn
rn−2
; ð5Þ
A1 ¼ 1þ
X∞
n¼3
α1n

M
r

n
; ð6Þ
A2 ¼ 1þ
X∞
n¼2
α2n

M
r

n
; ð7Þ
A5 ¼ 1þ
X∞
n¼2
α5n

M
r

n
; ð8Þ
where fϵng, fα1ng, fα2ng, and fα5ng are four infinite sets
of deformation parameters. This form of the Johannsen
metric recovers the correct Newtonian limit, and its
deformation parameters are not constrained by Solar
System experiments.
In what follows, we will restrict our analysis to the
deformation parameters α13 and α22. These are indeed the
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FIG. 1. Constraints on the spin parameter a and the Johannsen deformation parameters α13 (left panel) and α22 (right panel) from
epoch 1. The emissivity profile is modeled with a power-law (top panels), a broken power-law with outer emissivity index frozen to 3
(central panels), and a broken power-law with both emissivity indices free (bottom panels). The red, green, and blue curves are,
respectively, the 68%, 90%, and 99% confidence level boundaries for two relevant parameters.
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two deformation parameters with the strongest impact on
the reflection spectrum of the accretion disk [28]. The Kerr
solution is recovered when α13 ¼ α22 ¼ 0. Here, we will
only consider the possibility that one of the deformation
parameters is nonvanishing; that is, we will measure α13
assuming α22 ¼ 0, and then we will measure α22 assuming
α13 ¼ 0. The current version of RELXILL_NK does not allow
for two free deformation parameters at the same time.
The parameters of the spacetime metric in our tests are
the spin parameter a ¼ a=M ¼ J=M2 and the deformation
parameters α13 and α22. These parameters cannot have
arbitrary values, or otherwise, we can have spacetimes with
pathological properties (spacetime singularities, regions
with closed timelike curves, etc.). As in the Kerr metric,
the condition on the spin parameter is
−1 < a < 1: ð9Þ
For jaj > 1 there is no horizon and thus no black
hole, and the central singularity is naked. For the deformation
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FIG. 2. Constraints on the spin parameter a and the Johannsen deformation parameters α13 (left panel) and α22 (right panel) from
epoch 4. The emissivity profile is modeled with a power-law (top panels), a broken power-law with outer emissivity index frozen to 3
(central panels), and a broken power-law with both emissivity indices free (bottom panels). The red, green, and blue curves are,
respectively, the 68%, 90%, and 99% confidence level boundaries for two relevant parameters.
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parameters α13 and α22, we impose the following
conditions:
α13>−
1
2

1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−a2
q 4
;
−

1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−a2
q 2
<α22<

1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−a2
p 4
a2
; ð10Þ
which are obtained by imposing no violation of Lorentzian
signature, no closed timelike curves, and no divergences in
the metric on and outside the black hole event horizon (see
Refs. [31,39] for the details).
III. OBSERVATIONS AND DATA REDUCTION
Cygnus X-1 is a very bright source in the sky. It was one
of the first detected x-ray sources and also the first
dynamically confirmed black hole. It is a high mass
x-ray binary, and the accreting gas around the black hole
comes from the wind of the companion star. The system is
at a distance 1.86þ0.12−0.11 kpc [40], and the mass of the black
hole is estimated to be 14.8 1.0 M⊙ [41].
Cygnus X-1 is quite a popular source and has been
studied by many authors. There are several analyses in the
literature of the reflection spectrum of this source and with
data from different x-ray missions [42–48]. All the previous
studies assumed the Kerr metric and found a high value of
the spin parameter of the black hole (say, a > 0.9) at a
high confidence level. These measurements are confirmed
by the analysis of the thermal spectrum of the disk
(continuum-fitting method): still assuming the Kerr metric,
in Refs. [49,50] the authors find that the spin parameter of
the black hole in Cygnus X-1 may be close to 1.
In the present work, we consider the observations of
NuSTAR [51] analyzed in [47] and summarized in
Table I. In what follows, we only discuss the observations
of epoch 1 and 4, because those of epoch 2 and 3 are
characterized by strong absorption by the stellar wind of the
companion star and are definitively less suitable for tests of
the Kerr metric.
We reduce the data from instruments focal plane mod-
ules A and B (FPMA and FPMB). For epoch 1, we
separately reduced the data of the two observations and
then we used ADDASCASPEC to combine the spectra
for each FPM instrument. Version 0.4.6 of nupipeline and
version 20180419 of NuSTAR calibration database
(CALDB) were used to produce cleaned event files. We
ran nuproduct to extract light curves, spectra, and response
files. The source was extracted with a circular region
centered on Cygnus X-1 with a radius of 150”. The
background region was a circle with the same size taken
farthest from the source region to avoid contribution from
the source. The spectra were then grouped to have a
minimal count of 50 for each bin in order to use χ2-
statistics.
IV. SPECTRAL ANALYSIS
For the spectral analysis, we employ XSPEC v12.10.0c
[52]. As in Ref. [47], we analyze the spectra with the
XSPEC model
TBABS × XSTAR × (DISKBB þ CUTOFFPL þ GAUSSIAN þ
RELCONV_NK × GSMOOTH × XILLVER).
Let us now briefly describe every component:
(1) TBABS—It describes the Galactic absorption and has
one parameter: the column density NH. We use the
abundances of Wilms et al. [53] and the cross
sections of Verner et al. [54]. The column density
NH is fixed to 6.0 × 1021 cm2.
(2) DISKBB [55]—It is a multitemperature blackbody
model and accounts for the thermal component from
the accretion disk. It has two parameters: the inner
temperature of the disk, T in, and the normalization.
(3) CUTOFFPL—For the power-law component from the
corona, we employ CUTOFFPL which is a power-law
with an exponential cutoff energy Ecut. The model
FIG. 3. Ratio plots for epoch 1 (left panel) and epoch 4 (right panel). The emissivity profile is modeled with a power-law.
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has three parameters: the photon index, Γ, the cutoff
energy, Ecut, and the normalization.
(4) XILLVER—The power-law component illuminating
the disk produces the reflection spectrum, here
described by XILLVER [56]. In XILLVER, the values
of Γ and Ecut are tied to those in CUTOFFPL and the
reflection fraction is set to −1 so it returns the
reflection component only. The model has thus three
parameters: the iron abundance, AFe, the ionization
parameter, ξ, and the normalization.
(5) RELCONV_NK [29]—It is our convolution model to
take all the relativistic effects (Doppler boosting,
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FIG. 4. Best-fit models and ratio plots for epoch 1 (left panel) and epoch 4 (right panel), assuming α13 ¼ α22 ¼ 0 (Kerr metric, top
panels), α13 free and α22 ¼ 0 (central panels), and α13 ¼ 0 and α22 free (bottom panels). The emissivity profile is modeled with a broken
power-law with outer emissivity index frozen to 3.
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FIG. 5. Ratio plots for epoch 1 (left panel) and epoch 4 (right panel). The emissivity profile is modeled with a broken power-law with
both emissivity indices free.
TABLE II. Summary of the best-fit values assuming a power-law emissivity profile. The reported uncertainties correspond to the
90% confidence level for one relevant parameter. ⋆ indicates that the parameter is frozen.
Model
Epoch 1 Epoch 4
Kerr α13 α22 Kerr α13 α22
TBABS
NH=1021 cm−2 6.0
⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆
XSTAR
NH=1021 cm−2 4.0þ1.2−1.0 4.1
þ0.4
−1.4 3.5
þ0.5
−1.0 9.4
þ0.9
−1.5 9.3
þ1.1
−1.2 9.4
þ1.1
−1.5
log ξ 3.74þ0.15−0.18 3.76
þ0.08
−0.06 3.90
þ0.07
−0.22 3.11
þ0.07
−0.06 3.08
þ0.11
−0.06 3.10
þ0.10
−0.06
vout=km s−1 <1800 <1200 <1500 <600 <600 <900
CUTOFFPL
Γ 2.74þ0.02−0.02 2.741
þ0.015
−0.020 2.736
þ0.018
−0.018 2.550
þ0.019
−0.016 2.550
þ0.016
−0.007 2.551
þ0.017
−0.026
Ecut [keV] >746 >903 >900 184þ28−22 185
þ6
−4 188
þ26
−35
Norm 5.9þ0.4−0.3 5.9
þ0.3
−0.3 5.862
þ0.4
−0.021 5.23
þ0.24
−0.12 5.23
þ0.20
−0.09 5.22
þ0.14
−0.13
DISKBB
T in [keV] 0.476þ0.007−0.007 0.448
þ0.005
−0.007 0.473
þ0.006
−0.003 0.498
þ0.008
−0.005 0.478
þ0.006
−0.002 0.491
þ0.007
−0.006
Norm ½104 3.80þ0.17−0.4 5.9þ0.9−0.6 4.0þ0.5−0.4 1.97þ0.18−0.22 2.66þ0.016−0.06 2.19þ0.18−0.3
RELCONV_NK
qin 4.15þ0.19−0.21 3.41
þ0.12
−0.12 3.251
þ0.014
−0.08 3.15
þ0.09
−0.08 2.889
þ0.009
−0.05 2.87
þ0.10
−0.06
qout ¼ qin ¼ qin ¼ qin ¼ qin ¼ qin ¼ qin
Rbr [M]                  
a 0.967þ0.005−0.010 0.9954
þ0.0007
−0.0009 >0.997 >0.93 0.9918
þ0.0011
−0.0003 >0.990
i [deg] 47.2þ1.3−1.6 45.3
þ0.3
−0.9 44.3
þ0.4
−0.4 41.0
þ0.5
−0.9 40.8
þ0.6
−0.3 40.7
þ0.6
−0.6
α13 0
⋆ < − 0.79 0⋆ 0⋆ < − 0.87 0⋆
α22 0
⋆ 0⋆ >0.85 0⋆ 0⋆ >0.59
XILLVER
AFe 4.1þ0.4−0.4 4.30
þ0.38
−0.05 4.01
þ0.05
−0.05 3.79
þ0.3
−0.23 3.96
þ0.05
−0.21 3.80
þ0.27
−0.27
log ξ 3.93þ0.09−0.05 4.000
þ0.005
−0.05 3.970
þ0.015
−0.014 3.80
þ0.03
−0.04 3.817
þ0.010
−0.027 3.81
þ0.04
−0.03
Norm 0.127þ0.009−0.010 0.133
þ0.022
−0.012 0.1159
þ0.0007
−0.012 0.064
þ0.003
−0.004 0.067
þ0.002
−0.005 0.065
þ0.003
−0.003
GAUSSIAN
Norm ½10−4 6.9þ1.7−1.0 7.7þ1.3−2.2 6.7þ1.3−1.3 12þ2−2 12.5þ1.8−1.2 12þ2−2
χ2=ν 1764.82=1605 1721.06=1604 1742.10=1604 2092.82=1913 2080.72=1912 2091.77=1912
¼ 1.09957 ¼ 1.07298 ¼ 1.0861 ¼ 1.094 1.08824 1.09402
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gravitational redshift, light bending) in the Johann-
sen spacetime into account assuming a Novikov-
Thorne accretion disk. There are seven parameters:
the spin parameter a, the inclination angle of
the disk with respect to the line of sight of the
distant observer, i, the deformation parameters α13
and α22, and three more parameters related to the
intensity profile of the reflection component in the
disk. The latter is described by a broken power-law,
so we have the inner emissivity index qin, the outer
emissivity index qout, and the breaking radius Rbr.
In our study, we try three models for the intensity
profile:
(i) a simple power-law, and we set qin ¼ qout;
(ii) a broken power-law with qin and Rbr free and
qout ¼ 3 (lamppost coronal geometry);
(iii) a broken power-law with qin, qout, and Rbr free.
(6) GSMOOTH—Since XILLVER assumes that the accre-
tion disk is cold (the calculations ignore the radiation
produced by the disk), while the inner part of
accretion disks in x-ray binaries is 0.1–1 keV, the
Compton broadening of emission lines is under-
estimated. We thus apply GSMOOTH to XILLVER
before including the relativistic effects, as done
in Ref. [47].
(7) GAUSSIAN—It describes a narrow neutral iron emis-
sion (E ¼ 6.4 keV) from the wind of the massive
companion star.
(8) XSTAR—The data show iron absorption features that,
following Ref. [47], we interpret as ionized plasma
in the stellar wind. We use the same XSTAR model as
in Ref. [47]. The model has three parameters: the
column density, NH, ionization parameter, ξ, and
line-of-sight velocity of the wind, vout.
TABLE III. Summary of the best-fit values assuming a broken power-law emissivity profile with qout ¼ 3. The reported uncertainties
correspond to the 90% confidence level for one relevant parameter. ⋆ indicates that the parameter is frozen.
Model
Epoch 1 Epoch 4
Kerr α13 α22 Kerr α13 α22
TBABS
NH=1021 cm−2 6.0
⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆
XSTAR
NH=1021 cm−2 4.7þ0.9−1.2 4.1
þ0.9
−1.1 4.4
þ0.6
−0.8 9.6
þ1.3
−1.3 9.2
þ1.1
−1.3 9.2
þ1.1
−1.4
log ξ >3.75 >3.50 >3.81 3.10þ0.14−0.11 3.09
þ0.15
−0.08 3.10
þ0.10
−0.08
vout=km s−1 <2700 <2100 <1800 <600 <600 <600
CUTOFFPL
Γ 2.725þ0.019−0.023 2.735
þ0.008
−0.020 2.733
þ0.001
−0.008 2.540
þ0.018
−0.03 2.548
þ0.024
−0.012 2.546
þ0.025
−0.016
Ecut [keV] >593 >840 >905 184þ32−15 184
þ21
−22 206
þ14
−13
Norm 5.5þ0.4−0.4 5.7
þ0.3
−0.5 5.71
þ0.05
−0.021 5.01
þ0.17
−0.21 5.18
þ0.3
−0.13 4.89
þ0.3
−0.27
DISKBB
T in [keV] 0.441þ0.015−0.018 0.437
þ0.006
−0.008 0.439
þ0.024
−0.005 0.470
þ0.013
−0.022 0.469
þ0.03
−0.026 0.430
þ0.019
−0.028
Norm ½104 6.7þ3.0−1.5 7.3þ2.6−1.7 7.03þ0.3−0.24 3.0þ1.1−0.6 3.0þ0.4−0.8 5.4þ3.0−0.7
RELCONV_NK
qin 7.8þ1.3−1.0 4.3
þ1.8
−0.4 5.05
þ0.04
−0.4 >7.9 >8.8 >7.8
qout 3⋆ 3⋆ 3⋆ 3⋆ 3⋆ 3⋆
Rbr [M] 3.25þ0.26−0.22 3.3
þ1.0
−0.7 2.596
þ0.19
−0.024 2.63
þ0.14
−0.06 2.19
þ0.27
−0.23 2.02
þ0.24
−0.15
a 0.951þ0.009−0.012 0.989
þ0.003
−0.014 >0.997 0.945
þ0.022
−0.009 0.924
þ0.027
−0.03 0.988
þ0.005
−0.012
i [deg] 41.8þ0.8−0.7 43.3
þ1.1
−1.0 42.7
þ0.3
−0.3 39.8
þ0.5
−0.9 41.0
þ0.4
−0.4 41.0
þ0.4
−0.5
α13 0
⋆ −0.79þ0.09−0.08 0⋆ 0⋆ −0.40þ0.3−0.23 0⋆
α22 0
⋆ 0⋆ 0.95þ0.04−0.05 0
⋆ 0⋆ 0.5þ0.4−0.5
XILLVER
AFe 4.2þ0.4−0.4 4.31
þ0.21
−0.4 4.31
þ0.05
−0.4 3.9
þ0.3
−0.3 4.04
þ0.4
−0.27 4.5
þ0.5
−0.4
log ξ 4.06þ0.08−0.05 4.030
þ0.012
−0.013 4.037
þ0.005
−0.05 3.88
þ0.05
−0.03 3.828
þ0.027
−0.04 3.98
þ0.04
−0.03
Norm 0.115þ0.016−0.013 0.126
þ0.021
−0.008 0.123
þ0.0008
−0.010 0.066
þ0.005
−0.006 0.069
þ0.010
−0.008 0.092
þ0.029
−0.004
GAUSSIAN
Norm ½10−4 5.9þ2.8−3.0 7.0þ2.1−1.3 5.9þ1.3−1.3 12þ2−2 12.7þ1.8−2.4 12.2þ1.9−1.5
χ2=ν 1721.47=1604 1716.64=1603 1720.79=1603 2085.54=1912 2082.81=1911 2082.34=1911
¼ 1.07324 ¼ 1.07089 ¼ 1.07348 ¼ 1.09076 1.08991 1.08966
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Here we report the results of our analysis of the
observations of epoch 1 and 4 (we have analyzed the data
of epoch 2 and 3 as well, but the quality of the data is
clearly less suitable for our tests, and we have not
performed a detailed analysis of them). For every epoch,
we consider three models for the intensity profile: power-
law, broken power-law with qout ¼ 3, broken power-law
with qout free. For every model of the intensity profile, we
consider three spacetimes: Kerr metric, Johannsen metric
with α13 free and α22 ¼ 0, and Johannsen metric with
α13 ¼ 0 and α22 free. We thus have 18 fits in total. The best-
fit values for the model with a power-law profile are shown
in Table II. Those for the models with a broken power-law
and qout ¼ 3 are shown in Table III, and those for the
models with a broken power-law and qout free are shown in
Table IV. The constraints on the spin parameter and the
deformation parameters from the 12 non-Kerr fits are
shown in Figs. 1 and 2, respectively for the epoch 1
and 4. The plots of the data to best-fit model ratios for the
six fits with a simple power-law are shown in Fig. 3, the
best-fit models and the ratio plots for the six fits with a
broken power-law and qout ¼ 3 are shown in Fig. 4, and the
plots of the data to best-fit model ratios for the six fits with a
broken power-law and qout free are shown in Fig. 5.
Before discussing the results of these fits in the next
section, we show a more detailed analysis of the two cases
in which we assume a broken power-law with qout ¼ 3, and
the metric is described by the Johannsen solution with α13
free (one is for epoch 1, the other is for epoch 4). For these
two fits, we run Markov-Chain-Monte-Carlo (MCMC)
simulations with the “chain” command in XSPEC. We
use 100 walkers with 1.5 million steps each (about 15 times
TABLE IV. Summary of the best-fit values assuming a broken power-law emissivity profile with both qin and qout free. The reported
uncertainties correspond to the 90% confidence level for one relevant parameter. ⋆ indicates that the parameter is frozen.
Model
Epoch 1 Epoch 4
Kerr α13 α22 Kerr α13 α22
TBABS
NH=1021 cm−2 6.0
⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆ 6.0⋆
XSTAR
NH=1021 cm−2 4.2þ1.0−1.3 4.2
þ0.9
−1.1 4.3
þ0.7
−1.3 9.3
þ1.2
−1.7 9.2
þ1.4
−0.9 9.3
þ1.3
−1.8
log ξ >3.46 >3.47 >3.51 3.09þ0.24−0.10 3.06
þ0.25
−0.10 3.08
þ0.27
−0.11
vout=km s−1 <2100 <2100 <2100 <900 <900 <900
CUTOFFPL
Γ 2.738þ0.018−0.024 2.736
þ0.009
−0.04 2.738
þ0.014
−0.026 2.548
þ0.026
−0.027 2.546
þ0.011
−0.016 2.541
þ0.023
−0.029
Ecut [keV] >722 >729 >708 187þ34−32 189
þ11
−17 188
þ27
−34
Norm 5.8þ0.3−0.5 5.79
þ0.4
−0.25 5.8
þ0.4
−0.5 5.15
þ0.4
−0.27 5.08
þ0.12
−0.14 5.00
þ0.18
−0.4
DISKBB
T in [keV] 0.437þ0.018−0.022 0.436
þ0.014
−0.009 0.437
þ0.018
−0.024 0.473
þ0.016
−0.018 0.446
þ0.017
−0.006 0.438
þ0.020
−0.03
Norm ½104 7.3þ3.8−2.5 7.4þ2.7−5.2 7.3þ3.8−2.5 2.8þ0.6−0.7 4.52þ0.3−0.19 5.1þ3.6−1.4
RELCONV_NK
qin >7.6 4.5þ1.7−0.7 >7.2 >8.3 8.8
þ1.1
−2.0 >8.0
qout 3.4þ0.4−0.3 3.1
þ0.3
−0.6 3.43
þ0.4
−0.23 3.09
þ0.12
−0.11 2.88
þ0.04
−0.07 2.85
þ0.08
−0.13
Rbr [M] 2.67þ0.4−0.27 2.9
þ3.1
−0.4 2.7
þ0.4
−0.3 2.51
þ0.18
−0.14 1.55
þ0.06
−0.09 1.67
þ0.11
−0.07
a 0.957þ0.011−0.011 0.988
þ0.004
−0.010 >0.98 0.948
þ0.019
−0.011 0.9914
þ0.0012
−0.008 >0.99
i [deg] 43.5þ2.2−1.9 43.3
þ1.5
−1.0 43.6
þ2.3
−1.5 40.5
þ0.9
−1.0 40.6
þ0.6
−0.4 40.3
þ0.7
−0.8
α13 0
⋆ −0.77þ0.16−0.08 0⋆ 0⋆ < − 0.93 0⋆
α22 0
⋆ 0⋆ −0.19þ0.06−0.04 0⋆ 0⋆ 0.93þ0.06−0.07
XILLVER
AFe 4.4þ0.5−0.4 4.4
þ0.5
−0.4 4.4
þ0.5
−0.4 3.95
þ0.4
−0.28 4.12
þ0.12
−0.28 4.2
þ0.4
−0.4
log ξ 4.02þ0.07−0.05 4.03
þ0.05
−0.05 4.02
þ0.07
−0.04 3.84
þ0.05
−0.06 3.88
þ0.03
−0.04 3.92
þ0.08
−0.07
Norm 0.131þ0.024−0.020 0.127
þ0.003
−0.013 0.131
þ0.023
−0.019 0.067
þ0.009
−0.008 0.071
þ0.002
−0.003 0.073
þ0.007
−0.005
GAUSSIAN
Norm ½10−4 6.2þ2.2−2.3 6.7þ2.1−2.5 6.1þ2.2−2.2 12.3þ2.0−2.5 13.1þ1.9−2.5 12.5þ2.4−2.9
χ2=ν 1718.23=1603 1716.28=1602 1717.93=1602 2083.58=1911 2070.92=1910 2078.26=1910
¼ 1.07188 ¼ 1.07134 ¼ 1.07236 ¼ 1.09031 1.08425 1.08810
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the autocorrelation length), burning the first 0.5 million.
We also compared the distributions from the first half and
the second half of the samples, and we do not find large
differences. The results of these simulations are shown in
Figs. 6 and 7, respectively for epoch 1 and 4. Figure 8
shows the constraints on the spin parameter a and the
deformation parameter α13 from this analysis with MCMC
simulations.
V. DISCUSSION
Let us first consider the six Kerr fits, i.e., three models
for the intensity profile for two spectra (epoch 1 and
epoch 4). Generally speaking, our measurements are
consistent with previous studies [44–47]; in particular
we always recover a high spin parameter (a ≈ 0.95) and
an inclination angle i ≈ 40 deg. This is quite independent
FIG. 6. Output distribution of the MCMC analysis for epoch 1. The contours correspond to 1-, 2-, and 3-σ confidence level curves.
Note that here NH and z refer, respectively, to the column density and the observed redshift of the absorber in XSTAR
[1þ z ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1 − βÞ=ð1þ βÞp , where β ¼ vout=c].
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of the intensity profile and the spectra. The fit with the
intensity profile modeled by a simple power-law is surely
worse than the fits with a broken power-law, and we also
find some difference in the inclination angle of epoch 1 and
4. When we assume a broken power-law, the quality of the
fit improves and the estimate of the inclination angle
between the two spectra becomes consistent. When qout
is free, the fit requires that its value is not far from 3, and
indeed we do not improve the quality of the fit much with
respect to the model with qout ¼ 3. In Ref. [47], the authors
report the best-fit values of their analysis assuming
qout ¼ 3, and their results can be directly compared with
ours in Table III. All our measurements are consistent with
their parameter estimates, with the exception of the column
density and the outflow velocity for epoch 4. We do not
know the origin of such a difference.
FIG. 7. Output distribution of the MCMC analysis for epoch 4. The contours correspond to 1-, 2-, and 3-σ confidence level curves.
Note that here NH and z refer, respectively, to the column density and the observed redshift of the absorber in XSTAR
[1þ z ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1 − βÞ=ð1þ βÞp , where β ¼ vout=c].
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The situation for the 12 non-Kerr fits is more compli-
cated. If we assume a simple power-law for the intensity
profile, it seems that we cannot recover the Kerr solution;
that is, the data require a nonvanishing deformation
parameter at a significant confidence level (with the
exception of epoch 4 with α22 free, where we recover
Kerr when we consider the 90% confidence level
curve for two relevant parameters, see the top right panel
in Fig. 2).
When we model the intensity profile with a broken
power-law with qout ¼ 3, the results change, and now we
can somehow recover the Kerr metric. The intensity profile
thus matters here, while it seemed to be not so crucial in the
estimate of the black hole spin under the assumption of the
Kerr background. However, we clearly see that the χ2
minimizing algorithm of XSPEC has a problem to reliably
find a minimum in such an extremely complicated χ2
landscape. MCMC simulations can better map such a
complicated surface and this was indeed our main moti-
vation to run them. The contour plot in the plane a vs α13
of the MCMC simulations for epoch 1 shows larger
uncertainties on a and α13, and the spectrum is consistent
with that expected in the Kerr metric (while there seems
to be only marginal agreement in the plot obtained with
the STEPPAR command in XSPEC in Fig. 1). A quick
comparison of χ2 in the fits with a simple power-law and a
broken power-law with qout ¼ 3 clearly indicates
that the discrepancy with the Kerr solution should not
be as strong as it seems to be from the top panels in
Figs. 1 and 2.
Lastly, we consider the fits with a broken power-law
with qout free. Since the best-fit of qout is always close
to 3, we should conclude that there are no substantial
differences with the previous case with qout ¼ 3. For the fits
of epoch 1, this is indeed the case. For epoch 4, the bottom
panels in Fig. 2 suggest that we cannot recover the Kerr
metric.
VI. CONCLUSIONS
In the present paper, we have shown our results of the
analysis of two NuSTAR observations of Cygnus X-1 in
the soft state. Our constraints seem to be quite sensitive to
the assumption of the emissivity profile. This was already
argued in our previous work [34], but here the problem is
more severe, and the result is that we do not always recover
the Kerr solution at an acceptable confidence level. This
was not the case of our previous work, where the
measurement of the deformation parameters was consistent
with zero at 90% confidence level and their uncertainty was
much smaller (so we obtained strong constraints on the
Kerr metric). There are presumably a few reasons:
(i) The model employed here is more complex, in the
sense that there are several components and thus
many free parameters. This was not the case in other
studies; see for instance the analysis of the bare
active galactic nuclei reported in Ref. [36], where the
spectra are quite simple and we obtain very strong
constraints on α13 and α22.
(ii) The absorption due to the wind of the massive
companion star is modeled with XSTAR, but inevi-
tably introduces additional systematic uncertainties
in the model that we would like to avoid in a test of
the Kerr metric. A similar issue was probably in the
analysis of GRS 1915þ 105 reported in [37], where
the outflow from the accretion disk limited the
capability of measuring the spacetime metric.
(iii) Our nonrelativistic reflection model XILLVER is not
appropriate for accretion disks of stellar-mass black
holes. In XILLVER, the calculations of the nonrela-
tivistic reflection spectrum are indeed done consid-
ering only the photons illuminating the disk by
the corona and ignoring the thermal photons from
the accretion disk itself. This is not a problem
for supermassive black holes with temperatures of
the inner part of the accretion disk in the range
FIG. 8. Constraints on the spin parameter a and the deformation parameter α13 from the analysis with MCMC simulations for the
spectra of epoch 1 (left panel) and epoch 4 (right panel). The red, green, and blue lines correspond to 1-, 2-, and 3-σ confidence level
curves, respectively.
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1–100 eV, but it is for modeling the spectra of
accretion disks around stellar-mass black holes,
where the temperatures are in the soft x-ray band.
To conclude, on the basis of the results in this work and
in our previous papers, we can say that the choice of the
right source and of the right observation is extremely
important if we want to use x-ray reflection spectroscopy
to test GR. Ideally, we can list the “desired properties” of
source and observation as follows:
(1) Supermassive black holes are probably more suit-
able than stellar-mass black holes. While stellar-
mass black holes are typically brighter, their spectra
are more difficult to model. The higher temperature
of the accretion disk is one of the reasons.
(2) We need fast-rotating objects (a > 0.9). This con-
dition is necessary to break the parameter degen-
eracy. Intuitively, we can say that the reason is that
the inner edge of the accretion disk is closer to the
event horizon and relativistic effects are magnified.
(3) No absorbers. Absorption material between the disk
and the observer requires a model with some
astrophysical uncertainties that we would like to
avoid in a GR test.
(4) It is important to have data with a good energy
resolution at the iron line and covering a broad
energy band (for example, simultaneous observa-
tions by XMM-Newton and NuSTAR). The high
energy resolution at the iron line is useful to resolve
the relativistic features in the iron line. The broad
energy band is necessary to break the parameter
degeneracy and be able to estimate the cutoff energy
(or the temperature) of the corona.
(5) Prominent iron line. This follows from the fact the
iron line is the most informative feature for our tests
of the Kerr metric.
(6) Accretion luminosity between 5% and 30% of the
Eddington limit. This is just the condition to have
thin accretion disks [57,58], but it is often violated in
supermassive black holes. Currently we do not have
an estimate of the impact of the thickness of the
accretion disk and/or of the violation of the bound of
30% of the Eddington limit, but work is underway.
Since in our previous studies we got quite stringent
constraints on the deformation parameters from
supermassive black holes, and our measurements
were always consistent with the Kerr metric at 1- or
2-σ, we may argue that current systematic uncer-
tainties are subdominant, because a fine cancellation
among them to recover the Kerr solution for all
sources sounds unlikely, but we cannot say more as
of now.
(7) Corona with well-known geometry. The intensity
profile of the reflection spectrum clearly plays an
important rule in the measurements of the deforma-
tion parameters, and this will become surely more
important with the next generation of x-ray missions
and higher-quality data. An intensity profile de-
scribed by a broken power-law is a crude approxi-
mation and does not permit to take all relativistic
effects into account. In principle, the intensity profile
could be theoretically predicted if we knew the exact
geometry of the corona. It is likely that different
coronal geometries are possible and even that the
coronal geometry can change with time; for exam-
ple, it is thought that the corona is extended (the
accretion flow between a truncated disk and the
black hole?) at the beginning of the hard state in
stellar-mass black holes and becomes compact (the
base of the jet?) later as the outburst evolves (see, for
instance, [59,60] and references therein). It would be
helpful to test black holes with a well understood
coronal geometry, so that the intensity profile can be
predicted theoretically.
The conclusion of the presentwork is thatGR tests require
suitable sources. Cygnus X-1 seems to have a spectrum that
is too complicated for our purpose and our current modeling
capabilities, and the supermassive black holes studied in our
previous papers are definitively more promising candidates.
It is difficult to generalize our conclusion to all stellar-mass
black holes.A fundamental limit is that there are not somany
sources available that we can select only those with all the
desirable properties listed above. If we requires a > 0.9
(point 2), we only a know a few stellar-mass black holes that
may have a high value of the spin parameter, while most
supermassive black holes with a spin estimate meet this
condition (say, around 20 sources).
Precision tests of GR using x-ray reflection spectroscopy
may be possible in the future if we have sufficiently
sophisticated models to describe every component of a
source. If we assume that the deformation parameters have
the same values for every black hole (as it is the case in
many modified theories of gravity), we do not need to be
able to model all sources. We can just focus the attention on
a specific source (or a few specific sources) with good
properties for tests of the Kerr metric, a well-understood
coronal geometry, and high-quality data and test all
possible deviations from Kerr there.
ACKNOWLEDGMENTS
We thank Dominic Walton for providing us his XSTAR
table. This work was supported by the Innovation Program
of the Shanghai Municipal Education Commission, Grant
No. 2019-01-07-00-07-E00035, and Fudan University,
Grant No. IDH1512060. A. B. A. also acknowledges the
support from the Shanghai Government Scholarship (SGS).
J. A. G. and S. N. acknowledge support from the Alexander
von Humboldt Foundation. S. N. also acknowledges sup-
port from the Excellence Initiative at Eberhard-Karls
Universität Tübingen.
TESTING THE KERR HYPOTHESIS USING X-RAY … PHYS. REV. D 99, 123007 (2019)
123007-13
[1] C. M. Will, Living Rev. Relativity 17, 4 (2014).
[2] B. Carter, Phys. Rev. Lett. 26, 331 (1971).
[3] D. C. Robinson, Phys. Rev. Lett. 34, 905 (1975).
[4] P. T. Chrusciel, J. Lopes Costa, and M. Heusler, Living Rev.
Relativity 15, 7 (2012).
[5] R. H. Price, Phys. Rev. D 5, 2419 (1972).
[6] C. Bambi, D. Malafarina, and N. Tsukamoto, Phys. Rev. D
89, 127302 (2014).
[7] C. Bambi, Ann. Phys. (Berlin) 530, 1700430 (2018).
[8] C. Bambi, A. D. Dolgov, and A. A. Petrov, J. Cosmol.
Astropart. Phys. 09 (2009) 013.
[9] C. Bambi, Rev. Mod. Phys. 89, 025001 (2017).
[10] C. Bambi, J. Jiang, and J. F. Steiner, Classical Quantum
Gravity 33, 064001 (2016).
[11] K. Yagi and L. C. Stein, Classical Quantum Gravity 33,
054001 (2016).
[12] V. Cardoso and L. Gualtieri, Classical Quantum Gravity 33,
174001 (2016).
[13] H. Krawczynski, Gen. Relativ. Gravit. 50, 100 (2018).
[14] C. Bambi, K. Freese, T. Harada, R. Takahashi, and N.
Yoshida, Phys. Rev. D 80, 104023 (2009).
[15] C. Bambi and L. Modesto, Phys. Lett. B 706, 13 (2011).
[16] C. Bambi, Phys. Rev. D 85, 043001 (2012).
[17] L. Kong, Z. Li, and C. Bambi, Astrophys. J. 797, 78 (2014).
[18] A. C. Fabian, K. Iwasawa, C. S. Reynolds, and A. J. Young,
Publ. Astron. Soc. Pac. 112, 1145 (2000).
[19] L.W. Brenneman and C. S. Reynolds, Astrophys. J. 652,
1028 (2006).
[20] C. S. Reynolds, Space Sci. Rev. 183, 277 (2014).
[21] L. Miller, T. J. Turner, and J. N. Reeves, Astron. Astrophys.
483, 437 (2008).
[22] L. Miller, T. J. Turner, and J. N. Reeves, Mon. Not. R.
Astron. Soc. 399, L69 (2009).
[23] G. Risaliti et al., Nature (London) 494, 449 (2013).
[24] P. Uttley, E. M. Cackett, A. C. Fabian, E. Kara, and D. R.
Wilkins, Astron. Astrophys. Rev. 22, 72 (2014).
[25] T. Dauser, J. Garcia, J. Wilms, M. Bock, L. W. Brenneman,
M. Falanga, K. Fukumura, and C. S. Reynolds, Mon. Not.
R. Astron. Soc. 430, 1694 (2013).
[26] J. Garcia, T. Dauser, C. S. Reynolds, T. R. Kallman, J. E.
McClintock, J. Wilms, and W. Eikmann, Astrophys. J. 768,
146 (2013).
[27] J. Garcia et al., Astrophys. J. 782, 76 (2014).
[28] C. Bambi, A. Cardenas-Avendano, T. Dauser, J. A. Garcia,
and S. Nampalliwar, Astrophys. J. 842, 76 (2017).
[29] A. B. Abdikamalov, D. Ayzenberg, C. Bambi, T. Dauser,
J. A. Garcia, and S. Nampalliwar, arXiv:1902.09665.
[30] Z. Cao, S. Nampalliwar, C. Bambi, T. Dauser, and J. A.
Garcia, Phys. Rev. Lett. 120, 051101 (2018).
[31] A. Tripathi, S. Nampalliwar, A. B. Abdikamalov, D.
Ayzenberg, J. Jiang, and C. Bambi, Phys. Rev. D 98,
023018 (2018).
[32] K. Choudhury, S. Nampalliwar, A. B. Abdikamalov, D.
Ayzenberg, C. Bambi, T. Dauser, and J. A. Garcia, arXiv:
1809.06669.
[33] J. Wang-Ji, A. B. Abdikamalov, D. Ayzenberg, C. Bambi,
T. Dauser, J. A. Garcia, S. Nampalliwar, and J. F. Steiner,
arXiv:1806.00126.
[34] Y. Xu, S. Nampalliwar, A. B. Abdikamalov, D. Ayzenberg,
C. Bambi, T. Dauser, J. A. Garcia, and J. Jiang, Astrophys. J.
865, 134 (2018).
[35] A. Tripathi, S. Nampalliwar, A. B. Abdikamalov, D.
Ayzenberg, C. Bambi, T. Dauser, J. A. Garcia, and A.
Marinucci, Astrophys. J. 875, 56 (2019).
[36] A. Tripathi et al., Astrophys. J. 874, 135 (2019).
[37] Y. Zhang, A. B. Abdikamalov, D. Ayzenberg, C. Bambi, T.
Dauser, J. A. Garcia, and S. Nampalliwar, Astrophys. J. 875,
41 (2019).
[38] A. Tripathi, A. B. Abdikamalov, D. Ayzenberg, C. Bambi,
and S. Nampalliwar, Phys. Rev. D 99, 083001 (2019).
[39] T. Johannsen, Phys. Rev. D 88, 044002 (2013).
[40] M. J. Reid, J. E. McClintock, R. Narayan, L. Gou, R. A.
Remillard, and J. A. Orosz, Astrophys. J. 742, 83 (2011).
[41] J. A. Orosz, J. E. McClintock, J. P. Aufdenberg, R. A.
Remillard, M. J. Reid, R. Narayan, and L. Gou, Astrophys.
J. 742, 84 (2011).
[42] R. Duro, T. Dauser, J. Wilms, K. Pottschmidt, M. A. Nowak,
S. Fritz, E. Kendziorra, M. G. F. Kirsch, C. S. Reynolds, and
R. Staubert, Astron. Astrophys. 533, L3 (2011).
[43] A. C. Fabian et al., Mon. Not. R. Astron. Soc. 424, 217
(2012).
[44] J. A. Tomsick et al., Astrophys. J. 780, 78 (2014).
[45] M. L. Parker et al., Astrophys. J. 808, 9 (2015).
[46] R. Duro et al., Astron. Astrophys. 589, A14 (2016).
[47] D. J. Walton et al., Astrophys. J. 826, 87 (2016).
[48] J. A. Tomsick et al., Astrophys. J. 855, 3 (2018).
[49] L. Gou, J. E. McClintock, M. J. Reid, J. A. Orosz, J. F.
Steiner, R. Narayan, J. Xiang, R. A. Remillard, K. A.
Arnaud, and S. W. Davis, Astrophys. J. 742, 85 (2011).
[50] L. Gou, J. E. McClintock, R. A. Remillard, J. F. Steiner,
M. J. Reid, J. A. Orosz, R. Narayan, M. Hanke, and J.
García, Astrophys. J. 790, 29 (2014).
[51] F. A. Harrison et al., Astrophys. J. 770, 103 (2013).
[52] K. A. Arnaud, Astron. Data Anal. Software Syst. V, 101, 17
(1996).
[53] J. Wilms, A. Allen, and R. McCray, Astrophys. J. 542, 914
(2000).
[54] D. A. Verner, G. J. Ferland, K. T. Korista, and D. G.
Yakovlev, Astrophys. J. 465, 487 (1996).
[55] K. Mitsuda et al., Publ. Astron. Soc. Jpn. 36, 741 (1984).
[56] J. Garcia and T. Kallman, Astrophys. J. 718, 695 (2010).
[57] R. F. Penna, J. C. McKinney, R. Narayan, A. Tchekhovskoy,
R. Shafee, and J. E. McClintock, Mon. Not. R. Astron. Soc.
408, 752 (2010).
[58] J. F. Steiner, J. E. McClintock, R. A. Remillard, L. Gou, S.
Yamada, and R. Narayan, Astrophys. J. 718, L117 (2010).
[59] N. Kamraj, A. Fabian, A. Lohfink, M. Baloković, C. Ricci,
and K. Madsen, arXiv:1903.05241.
[60] C. Bambi, Black Holes: A Laboratory for Testing Strong
Gravity (Springer, Singapore, 2017).
HONGHUI LIU et al. PHYS. REV. D 99, 123007 (2019)
123007-14
